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1
f(x) Lagrange












: $\cdots,$ $-a_{2},$ $-a_{1},$ $a_{1},$ $a_{2},$ $\cdots$ ( ..., $-a_{2},$ $-a_{1},0,$ $a_{1},$ $a_{2}$ ), $0<$
$a_{1}$ <a2<... . $\cdot$ $\{\pm a_{k}\}$ $h>0$
(2.2) $a_{k}\sim kh(karrow\infty)$
1 1975 [81 sinc 10
880 1994 19-27
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(2.3) $W(x)= \prod_{k=1}^{\infty}\{1-(\frac{x}{a_{k}})^{2}\}$ , $($ $x \prod_{k=1}^{\infty}\{1-(\frac{x}{a_{k}})^{2}\})$







:. $..,$ $-2h,$ $-h,$ $0,$ $h,$ $2h,$ $\cdots(h>0)$ , $0$ Baesel
:. $..,$ $- \frac{h}{\pi}j_{0,2},$ $- \frac{h}{\pi}j_{0,1},$ $\frac{h}{\pi}j_{0,1},$ $\frac{h}{\pi}j_{0,2},$ $\cdots$ $W(x)=$
$\frac{h}{\pi}\sin(\pi x/h)$ sinc $W(x)=J_{0}(\pi x/h)$
$r_{Lagrange}$
Lagrange $(2.la),(2.lb)$ $f(x)$








(2.7) $O[\exp(-c/h)]$ ( $c>0$ )
3 Sinc
$nh(n=0, \pm 1, \pm 2, \cdots)$ $h$
$W(x)$
(3.1) $W(x)=x \prod_{k=1}^{\infty}\{1-(\frac{x}{kh})^{2}\}=\frac{h}{\pi}\sin(\frac{\pi x}{h})$
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sinc [3], [5], [6]
31 $f(z)$
(3.3) $D(d)=\{z\in C||{\rm Im} z|<d\}(d>0)$
‘
(3.4) $N(f, D(d)) \equiv\int_{\partial D(d)}|f(z)||dz|<\infty$,
$x$ Sinc
:
(3.5) $f(x)-C(f,h)(x)$ $=$ $\frac{\sin(\pi x/h)}{2\pi i}\int_{\Gamma(d)}\frac{f(z)dz}{(z-x)\sin(\pi z/h)}$
$=$ $\frac{\sin(\pi x/h)}{2\pi i}\lim_{c\uparrow d}\int_{-}^{\infty_{\infty}}t\frac{f(t-ic)}{(t-ic-x)\sin[(\pi/h)(t-ic-x)]}$
$- \frac{f(t+ic)}{(t+ic-x)\sin[(\pi/h)(t+ic-x)]}\}dt$ ,
$\Gamma(d)$ $Fig.2$ :
(3.6) $|f(x)-C(f,h)(x)| \leq\frac{N(f,D(d))}{2\pi d\sinh(\pi d/h)}=0[\exp(-\frac{\pi d}{h})]$ .
3.1 (3.4) $Fig.2$ r(d, $\epsilon$)
(3.7) $\int_{\partial D(d)}|f(z)||dz|=\lim_{\epsilon\downarrow 0}\int_{\Gamma(d,\epsilon)}|f(z)||dz|$
sinc $[5],[6]$
3.2 $f(z)$ $A(\leq\pi/h)$ 2 2 $x$
$f(x)=C(f, h)(x)$
$2an$ entire function of exponentiaJl type $A$ {7)
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4 $Lagrange-Bessel$
.., $- \frac{h}{\pi}j_{0,2},$ $- \frac{h}{\pi}j_{0,1},$ $\frac{h}{\pi}j_{0,1},$ $\frac{h}{\pi}j_{0,2},$ $\cdots$ , $0$ Bessel $J_{0}(x)$
$h>0,$ $j_{0k}$ Bessel $J_{0}(x)$ $0<j_{01}<j_{02}<\cdots<j_{0k}<\cdots$
(4.1) $W(x)= \prod_{k=1}^{\infty}\{1-(\frac{\pi x}{hj_{0k}})^{2}\}=J_{0}(\pi x/h)$ ,
$\circ$ J\mbox{\boldmath $\nu$}’ $(x)=(\nu/z)J_{\nu}(x)-J_{\nu+1}(x)$ $J_{0}’(j_{0k})=J_{1}(j_{0k})$ $W’( \frac{h}{\pi}j_{0,k})=J_{1}(j_{0,k})$
(Bessel [2] ):
(4.2) $L_{Besse1}(x)$ $= \sum_{k=1}^{\infty}f(\frac{hj_{0k}}{\pi})\frac{-J_{0}(\pi x/h)}{[(\pi/h)x-j_{0k}]J_{1}(j_{0k})}$
$+ \sum_{k=1}^{\infty}f(-\frac{hj_{0k}}{\pi}I\frac{J_{0}(\pi x/h)}{[(\pi/h)x+j_{0k}]J_{1}(j_{0k})}\cdot$
Lagrange-Bessel




4.1 $f(z)$ $D(d)$ (3.4) Lagrange-Bessel
:
(4.4) $f(x)-L_{Besse1}f(x)$ $=$ $\frac{J_{0}(\pi x/h)}{2\pi i}\int_{\Gamma(d)}\frac{f(z)dz}{(z-x)J_{0}(\pi z/h)}$
$=$ $\frac{J_{0}(\pi x/h)}{2\pi i}\lim_{c\uparrow d}\int_{-\infty}^{\infty}\{\frac{f(t-ic)}{(t-ic-x)J_{0}[(\pi/h)(t-ic)]}$
$- \frac{f(t+ic)}{(t+ic-x)J_{0}[(\pi/h)(t+ic)]}\}dt$
$h$ :
(4.5) $|f(x)-L_{Besse1}f(x)| \leq C_{d}|J_{0}(\frac{\pi x}{h})|N(fD(d))\exp(-\frac{\pi d}{h})$ ,
$C_{d}$ $d$
( ) Sinc $J_{0}$
: larg $z|\leq\pi/2-\delta<\pi/2(\delta>0)$ $zarrow\infty$
(4.6) $J_{0}( \frac{\pi z}{h})\sim\sqrt{\frac{2h}{\pi^{2}z}}\cos[\frac{\pi}{h}(z-\frac{h}{4})]$
$R_{k}(k=1,2, \cdots)$
(4.7) $\frac{h}{\pi}j_{0k}<R_{k}<\frac{h}{\pi}j_{0,k+1},$ $J_{0}( \frac{\pi}{h}R_{k})\sim\sqrt{\frac{2h}{\pi^{2}R_{k}}}(karrow\infty)$
$J_{0}$ $R_{k}$
Fig. 3 r $=\Gamma_{1}+\Gamma_{2}+\Gamma_{3}+\Gamma_{4}$ $N_{1},$ $N_{2}$
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Fig. 3. 4.1 r
(4.8) $I(x)= \frac{J_{0}(\pi x/h)}{2\pi i}\int_{\Gamma}\frac{f(z)dz}{(z-x)J_{0}(\pi z/h)}$
(4.9a) $I(x)=f(x)-(L_{Besse1})_{-N_{1}}^{N_{2}}f(x)$ ,
(4.9b) $(L_{Besse1})_{-N_{1}}^{N_{2}}f(x)$ $= \sum_{k=1}^{N_{2}}f(\frac{h}{\pi}j_{0k})\frac{-J_{0}(\pi x/h)}{[(\pi/h)x-j_{0k}]J_{1}(j_{0k})}$
$+$ $\sum_{k=1}^{N_{1}}f(-\frac{h}{\pi}j_{0k})\frac{J_{0}(\pi x/h)}{[(\pi/h)x+j_{0k}]J_{1}(j_{0k})}$
$\Gamma_{2}$ \delta $>0$ $N_{2}$ $\Gamma_{2}$
(4.10) $|J_{0}( \frac{\pi z}{h}I|^{-1}$ $\leq$ $( \frac{2\pi^{2}}{h})^{1/2}(1+\delta)(R_{2}^{2}+d^{2})^{I/4}\exp(-\frac{\pi}{h}|{\rm Im} z|)$
$\leq$
$( \frac{2\pi^{2}}{h})^{1/2}(1+\delta)(R_{N_{2}^{2}}+d^{2})^{1/4}$
(4.11) $| \int_{\Gamma_{2}}\frac{f(z)dz}{(z-x)J_{0}(\pi z/h)}|\leq(\frac{2\pi^{2}}{h})^{1/2}(1+\delta)\frac{(R_{N_{2}^{2}}+d^{2})^{1/4}}{R_{N_{2}}-x}\int_{-d(1-\epsilon)}^{d(1-\epsilon)}|f(R_{N_{2}}+iy)|dy$
$1_{1}m_{NN_{2^{arrowarrow\infty\infty}}}f_{-d(1-\epsilon)}^{d(1-\epsilon)}1f(R_{N_{2}}+iy)|dy\leq N(f, D(d))$ $N_{2}arrow\infty$
$0$
$r_{4}$
(4.9a) $N_{1},$ $N_{2}arrow\infty$ $\Gamma_{2},$ $\Gamma_{4}$
\Gamma 1) $\Gamma_{3}$ $J_{0}(z)$ Hankel
[2]
42 \delta $>0$ $\tilde{d}>0$ $|{\rm Im} z|=\tilde{d}$ $z$
(4.12) $|J_{0}(z)| \geq\frac{1-\delta}{\sqrt{2\pi|z|}}\exp(-\tilde{d})$
\delta $>0$ $(\pi d/h)(1-\epsilon)$ $h$ $r_{1}$ , $r_{3}$
(4.13) $|J_{0}( \frac{\pi z}{h}I|^{-1}\leq(1+\delta)(\frac{2\pi^{2}|z|}{h})^{1/2}\exp(-\frac{\pi d(1-\epsilon)}{h}I$
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Fig. 4. 4.3 r
(4.14) $|( \int_{\Gamma_{1}}+\int_{\Gamma_{3}})\frac{f(z)dz}{(z-x)J_{0}(\pi z/h)}|$
$\leq$ $(1+ \delta)\sup_{x}\sup_{t}\frac{(t^{2}+d^{2}(1-\epsilon)^{2})^{1/4}}{[(t-x)^{2}+d^{2}(1-\epsilon)^{2}]^{1/2}}\exp(-\frac{\pi}{h}d(1-\epsilon))(\int_{\Gamma_{1}}+\int_{\Gamma_{3}})|f(z)||dz|$






( ) ( $[7]p$ . $391$ ):
44 \delta $>0$ $gs(x)arrow 0(xarrow\infty)$ $gs(x)$
(4.16) $|f(z)|\leq 9\delta(|z|)|z|^{1/2}e^{(A+\delta)|{\rm Im} z|}$
$A+\delta<\pi/h$ \delta
4.1
(4.17) $I(x)= \frac{J_{0}(\pi x/h)}{2\pi i}\int_{\Gamma}\frac{f(z)dz}{(z-x)J_{0}(\pi z/h)}$




























(5.1) $(L_{Bme1})_{-N_{1}}^{N_{2}}f(x)= \sum_{k=1}^{N_{1}}f(\frac{h}{\pi}x)\frac{-J_{0}(\pi x/h)}{[(\pi/h)x-j_{0k}]J_{1}(j_{0k})}+f(-\frac{h}{\pi}x)\frac{J_{0}(\pi x/h)}{[(\pi/h)x+j_{0k}]J_{1}(j_{0k})}$.
(5.2) $|f( \pm\frac{hj_{0k}}{\pi})\frac{\mp J_{0}(\pi x/h)}{[(\pi/h)x\mp j_{0k}]J_{1}(j_{0k})}<10^{-10}I$
$c$ 1 0.5 $x=0.12345$
(5.3) relative error $= \frac{f(x)-(L_{Besse1})_{-N_{1}}^{N_{2}}f(x)}{f(x)}$
$h$ Fig. $5(a)$
Fig. $5(a)$ (4.5) |J0(\pi x/h)|
$h$








(6.2) $|W(r e^{i\theta})|^{-1}=0[\exp(-\frac{\pi}{h}r|\sin\theta|+\epsilon r)],$ $|re^{i\theta}-a_{k}|\geq\delta/8$ .
2
62 $f(z)$ $D(d)$ \alpha $>0$
(6.3) $\mathcal{N}_{\alpha}(f, D(d))=\int_{\partial D(d)}|f(z)|e^{\alpha|z|}|dz|<\infty$ ,
$x$ :
(6.4) $f(x)-Lf(x)= \frac{W(x)}{2\pi i}\int_{\Gamma(d)}\frac{f(z)dz}{(z-x)W(z)}$ .
:
(6.5) $|f(x)-Lf(x)| \leq c|W(x)|\mathcal{N}_{\alpha}(f,D(d))\exp(-\frac{\pi d}{\text{ }})$ ,
$C$
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